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Exercise 1

Let T ě 0 be a positive real number and b P C1
`

r0, T s ˆ Rd
˘

be bounded with divx b
bounded. Assume that u0 P L

1
loc

`

Rd
˘

and f P L1
`

r0, T s ;L1
loc

`

Rd
˘˘

.

Prove that there exists a unique function u P L8
`

r0, T s ;L1
loc

`

Rd
˘˘

such that for any
ϕ P C8c

`

r0, T s ˆ Rd
˘

the map t ÞÑ xu pt, ¨q , ϕy is continuous in t and which is solution to

"

Btu` b ¨∇xu “ f, in D1
`

r0, T s ˆ Rd
˘

,
u|t“0 “ u0, in D1

`

Rd
˘

.
(1)

Exercise 2

Let T ě 0 be a positive real number and b P C1
`

r0, T s ˆ Rd
˘

be bounded with divx b
bounded. Assume that u0 P C

1
`

Rd
˘

XL8
`

Rd
˘

. Thanks to the first exercise, we now that
there exists u P L8

`

r0, T s ;L1
loc

`

Rd
˘˘

such that for any ϕ P C8c
`

r0, T s ˆ Rd
˘

the map
t ÞÑ xu pt, ¨q , ϕy is continuous in t and which is a solution to

"

Btu` b ¨∇xu “ 0, in D1
`

r0, T s ˆ Rd
˘

,
u|t“0 “ u0, in D1

`

Rd
˘

.
(2)

Prove that the following statements are equivalent:

• u P L8
`

r0, T s ˆ Rd
˘

is a renormalized solution to (2);

• u P C1
`

r0, T s ˆ Rd
˘

is a classical solution to (2).

Exercise 3

Let Ω1 and Ω2 be two measurable spaces with σ-finite measures µ1 and µ2 respectively.
Let f : Ω1 ˆ Ω2 Ñ R be a µ1 ˆ µ2 measurable function and assume that f ě 0. Let
p P r1,`8q. Then

ˆ
ż

Ω1

ˆ
ż

Ω2

f px, yq dµ2 pyq

˙p

dµ1 pxq

˙
1
p

ď

ˆ
ż

Ω1

ż

Ω2

f px, yqp dµ2 pyq dµ1 pxq

˙
1
p

(3)

1


